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Interaction-enhanced electron-hole and valley asymmetries
in the lowest Landau level of ABA-stacked trilayer graphene
K. Shizuya
Yukawa Institute for Theoretical Physics
Kyoto University, Kyoto 606-8502, Japan
In a magnetic field graphene trilayers support a special multiplet of 12 zero(-energy)-mode Landau
levels with a threefold degeneracy in Landau orbitals. A close look is made into such zero-mode
levels in ABA-stacked trilayers, with the Coulomb interaction taken into account. It turns out
that the zero-mode Landau levels of ABA trilayers are greatly afflicted with electron-hole and
valley asymmetries, which come from general hopping parameters and which are enhanced by the
Coulomb interaction and the associated vacuum effect, the orbital Lamb shift, that lifts the zero-
mode degeneracy. These asymmetries substantially affect the way the zero-mode levels evolve, with
filling, via Coulomb interactions; and its consequences are discussed in the light of experiments.
PACS numbers: 73.22.Pr,73.43.-f,75.25.Dk
I. INTRODUCTION
Graphene, an atomic layer of graphite that supports
massless Dirac fermions, displays remarkable and promis-
ing electronic properties. Recently there is increasing in-
terest in bilayers and few layers of graphene, where the
physics and applications of graphene become richer, with,
e.g., a tunable band gap1–4 for bilayer graphene.
There are some key signatures of Dirac fermions that
distinguish graphene from conventional electron systems.
(i) In a magnetic field, graphene supports, as the low-
est Landau level (LLL), a special set of four zero-energy
levels differing in spin and valley, as observed via the
half-integer quantum Hall effect. (ii) Graphene is an
intrinsically many-body system equipped with the va-
lence band acting as the Dirac sea. Quantum fluctua-
tions of the filled valence band are fierce, even leading to
ultraviolet divergences; and one encounters such many-
body phenomena as velocity renormalization,5 screening
of charge,6 and nontrivial Coulombic corrections to cy-
clotron resonance.7–11
In multilayer graphene the zero-mode Landau levels
acquire a new aspect. Bilayer graphene supports eight
such levels, with an extra twofold degeneracy1 in Landau
orbitals n=0 and 1. Trilayer graphene has 12 such levels
with threefold “orbital” degeneracy, and so on. This or-
bital degeneracy is a new feature peculiar to the LLL
in multilayer graphene, and leads to intriguing quan-
tum phenomena12–17 such as orbital mixing and orbital-
pseudospin waves. In real samples these zero-energy lev-
els evolve, due to general interactions, into a variety
of pseudo-zero-mode (PZM) levels, or broken-symmetry
states within the LLL, as discussed theoretically.12,18
It has been unnoticed until recently that many-body
effects work to lift orbital degeneracy. Each zero-mode
level, subjected to quantum fluctuations of the valence
band, gets shifted differently within the LLL, just like
the Lamb shift19 in the hydrogen atom. This orbital
Lamb shift was first noted20 for bilayer graphene and
is also realized in an analogous fashion21 in rhombohe-
dral (ABC-stacked) trilayer graphene, which is a “chiral”
trilayer generalization of bilayer graphene. This orbital
shift is considerably larger in scale than intrinsic spin or
valley breaking, and one has to take it into account in
clarifying the fine structure of the LLL in multilayers.
Graphene trilayers attracted theorists’ attention22–25
even before experiments, and it has been verified exper-
imentally26–32 that the electronic properties of graphene
trilayers strongly depend on the stacking order, with
ABC-stacked trilayers exhibiting a tunable band gap and
Bernal (ABA)-stacked trilayers, the most common type
of trilayers, remaining metallic. Currently trilayers are
under active study both experimentally33,34 and theoret-
ically.35–39
The purpose of this paper is to examine the orbital
Lamb shift and its consequences in ABA-stacked trilay-
ers, with focus on electron-hole and valley asymmetries
due to general band parameters. It turns out that ABA
trilayers critically differ in zero-mode characteristics from
ABC trilayers. In particular, the way the Coulomb inter-
action acts within the LLL substantially differs between
the two types of trilayers, leading to distinct basic filling-
factor steps in which large level gaps appear in each of
them. In addition, the LLL of ABA trilayers, unlike that
of ABC trilayers, is greatly afflicted with interaction-
enhanced electron-hole and valley asymmetries, which af-
fect the sequence of broken-symmetry states within the
LLL, observable via the quantum Hall effect.
In Sec. II we examine the one-body spectrum of the
PZM levels in ABA-trilayer graphene, and in Sec. III
show how the orbital Lamb shift modifies their full spec-
trum. In Sec. IV we discuss how the level spectra evolve,
with filling, via the Coulomb interaction. Section VI is
devoted to a summary and discussion on how ABA tri-
layers differ in zero-mode characteristics from ABC tri-
layers.
2II. ABA-STACKED TRILAYER GRAPHENE
ABA-stacked trilayer graphene consists of three
graphene layers with vertically-arranged dimer bonds
(B1, A2) and (A2, B3), where (Ai, Bi) denote inequiva-
lent lattice sites in the i-th layer. The interlayer cou-
pling γ0 ≡ γBiAi ∼ 3 eV is related to the Fermi velocity
v = (
√
3/2)aLγ0/h¯ ∼ 106 m/s in monolayer graphene.
Interlayer hopping via the nearest-neighbor dimer cou-
pling γ1 ≡ γB1A2 = γA2B3 ∼ 0.4 eV leads to linear
(monolayer-like) and quadratic (bilayer-like) spectra22,23
∝ |p|,p2 in the low-energy branches |ǫ| < γ1.
The effective Hamiltonian for ABA-stacked trilayer
graphene with general intra- and interlayer couplings is
written as36
Htri =
∫
d2x
[
(ΨK)†HKΨK + (ΨK
′
)†HK′ ΨK
′
]
,
HK =

 D V WV † D V †
W V D

+ U, D =
(
0 v p†
v p 0
)
,
V =
( −v4 p† v3 p
γ1 −v4 p†
)
, W =
(
γ2/2 0
0 γ5/2
)
,
U = diag(U1, U1 +∆
′, U2 +∆
′, U2, U3, U3 +∆
′), (1)
with p = px + ipy and p
† = px − ipy. Here ΨK =
(ψA1 , ψB1 , ψA2 , ψB2 , ψA3 , ψB3)
t stands for the electron
field at theK valley. v3 and v4 are related to the nonlead-
ing nearest-layer coupling γ3 ≡ γA1B2 and γ4 ≡ γA1A2 =
γB1B2 , respectively. γ2 ≡ γA1A3 and γ5 ≡ γB1B3 describe
coupling between the top and bottom layers. (U1, U2, U3)
denote the on-site energies of the three layers; we take
U2 = 0 without loss of generality and focus on the case
of a symmetric bias22 U3 = −U1 ≡ u. Such an interlayer
bias leads to a tunable band gap for ABC-stacked tri-
layers, but not for ABA-stacked trilayers which involve
monolayer-like subbands. ∆′ stands for the energy dif-
ference between the dimer and non-dimer sites. HK is
diagonal in (suppressed) electron spin.
The Hamiltonian HK′ at another valley is given by
HK with p → −px + ipy = −p† and p† → −p, and
acts on a spinor of the same sublattice content as ΨK .
HK′ is not linked to HK in a simple way and, in a mag-
netic field, their Landau-level spectra significantly dif-
fer,35 especially for zero-mode levels, although they pre-
cisely but nontrivially35 agree when only the leading pa-
rameters (v, γ1) are kept. This is in sharp contrast to
the case of bilayers and ABC-stacked trilayers, for which
HK′ is linked to HK via unitary equivalence,20,21 such as
HABCK′ ∼ HABCK |−v3,−γ2;U1↔U3 .
For the trilayer hopping parameters one may use, as
typical values, those for graphite,36
γ0 ≈ 3.16 eV or v ≈ 1.0× 106m/s,
γ1 ≈ 0.4 eV, γ3 ≈ 0.3 eV, γ4 ≈ 0.04 eV,
γ2 ≈ −0.02 eV, γ5 ≈ 0.04 eV,∆′ ≈ 0.05 eV. (2)
In the present analysis we regard (v, γ1) as the basic pa-
rameters and treat the nonleading ones (γ2, γ5, γ4, · · ·)
and bias u as perturbations. We ignore v3 ∝ γ3 from the
start since its effect is negligible in high magnetic fields,
as discussed later in this section.
Let us place trilayer graphene in a strong uniform mag-
netic field Bz = B > 0 normal to the sample plane; we
set, in HK , p→ Π = p+ eA with A = Ax+ iAy = −B y,
and scale a ≡ √2eBΠ† so that [a, a†] = 1. It is easily
seen that the eigenmodes of HK have the structure
Ψn =
(
|n− 2〉 b(1)n , |n− 1〉 d(1)n , |n− 1〉 b(2)n ,
|n〉 d(2)n , |n− 2〉 b(3)n , |n− 1〉 d(3)n
)t
(3)
with n = 0, 1, 2, · · ·, where only the orbital eigenmodes
are shown using the standard harmonic-oscillator basis
{|n〉} (with the understanding that |n〉 = 0 for n < 0).
The coefficients vn = (b
(1)
n , d
(1)
n , b
(2)
n , d
(2)
n , b
(3)
n , d
(3)
n )t are
given by the eigenvectors (chosen to form an orthonormal
basis) of the reduced Hamiltonian Hˆred ≡ ωcHn with
Hn=


−uˆ rn−1 −λrn−1 0 R2 0
rn−1 δ − uˆ γˆ −λrn 0 R5
−λrn−1 γˆ δ rn −λrn−1 γˆ
0 −λrn rn 0 0 −λrn
R2 0 −λrn−1 0 uˆ rn−1
0 R5 γˆ −λrn rn−1 δ + uˆ


,
(4)
where rn ≡
√
n for short; uˆ ≡ u/ωc, γˆ ≡ γ1/ωc. λ ≡
γ4/γ0 (≈ 0.013), R2 ≡ (γ2/2)/ωc, R5 ≡ (γ5/2)/ωc and
δ ≡ ∆′/ωc. Here
ωc ≡
√
2 v/ℓ ≈ 36.3× v[106m/s]
√
B[T] meV (5)
stands for the characteristic cyclotron energy for mono-
layer graphene, with v in units of 106m/s and B in tes-
las; ℓ ≡ 1/√eB denotes the magnetic length. Note that
eigenvectors vn can be taken real since Hn is a real sym-
metric matrix.
Solving the secular equation shows that there are 6
branches of Landau levels for each integer n ≥ 2, with
two branches of monolayer-like spectra ǫ ∼ ±√n− 1ωc
and four branches of bilayer-like spectra. We denote the
eigenvalues as ǫ−n′′ < ǫ−n′ < ǫ−n < 0 < ǫn < ǫn′ < ǫn′′ ,
so that the index ±n reflects the sign of ǫn. The |n| = 2
levels, e.g., consist of the n = (±2.± 2′,±2′′) branches.
As verified easily, with only (v, γ1) and bias u kept, the
spectrum and eigenvectors of Hˆred have the property
ǫ−n = −ǫn|−u, b(i)−n = −b(i)n |−u, d(i)−n = d(i)n |−u, (6)
for |n| ≥ 2 [and each branch (n, n′, n′′)], where b(i)n |−u,
e.g., stands for b
(i)
n with u→ −u. This structure40 is also
seen from the fact that −HK is unitarily equivalent to
HK with the signs of (Ui, v4, γ2, γ5,∆′) reversed,
Σ†3HKΣ3 = −HK |−Ui,−v4,−γ2,−γ5,−∆′ , (7)
3where Σ3 = diag(σ3, σ3, σ3); thus Eq. (6) is generalized
to the full spectrum accordingly.
There are three zero-energy solutions (per spin) within
the n ∈ (0, 1) sector for u → 0. As seen from Eq. (3),
for n = 0, Hˆred is reduced to a matrix of rank 1, with an
obvious eigenvalue
ǫ0 = U2 = 0 (8)
and the eigenvector v0 = (0, 0, 0, 1, 0, 0)
t or
Ψ0 = (0, 0, 0, |0〉, 0, 0)t. (9)
For n = 1, Hˆred has rank 4, and we specify the four
eigenmodes as n = 1± and n = ±1′, with energy spectra
ǫ1± = ±σ u and ǫ±1′ = ±(1/σ)ωc ∼ ±
√
2 γ1 when only
(v, γ1, u) are kept, where
σ ≈ 1/
√
2 γˆ2 + 1 < 1; (10)
γˆ ≈ 2.4 and σ ≈ 0.28 at B = 20T with γ1 ≈ 0.4 eV.
For u → +0, in particular, the n = 1± modes have zero
energy with wave functions
Ψ
(0)
1+
u→0
=
(
0, α−|0〉, 0, c1 |1〉, 0,−α+|0〉
)t
,
Ψ
(0)
1−
u→0
=
(
0,−α+|0〉, 0, c1 |1〉, 0, α−|0〉
)t
, (11)
where α± ≡ (1 ± σ)/2 ∼ 1/2 and c1 ≡
√
2α+α− =
γˆ/
√
2γˆ2 + 1 ∼ 1/√2.
When bias u and nonleading parameters (γ2, γ5, · · ·)
are turned on, the zero-modes Ψ0 and Ψ
(0)
1±
in general
deviate from zero energy and become the pseudo-zero-
modes. Their spectra, to first order in such perturba-
tions, can also be determined using this u→ 0 zero-mode
basis Ψpz = (Ψ0,Ψ
(0)
1+
,Ψ
(0)
1−
)t. Writing Htri in the 3 × 3
matrix form Hpzij ∼ (Ψpz)†iHK(Ψpz)j yields the spectrum
of the pseudo-zero-mode (PZM) sector,
Hpz = {0} ⊕ H1,
H1 = σu σ3 + β0 1 + β σ1, (12)
where
β = 12 (1− c21) γ5 − c21∆′ + 2 σ c1λωc,
β0 = − 12c21 γ5 + (1 − c21)∆′ + 2 σ c1λωc. (13)
This PZM spectrum Hpz, in the framework of degen-
erate perturbation theory, is correct to order linear in
(u, γ5, λ,∆
′), which is sufficient for our present purpose.
Diagonalizing H1 by a rotation within the {1±} sector,
Ψ1+ = cos(θ/2)Ψ
(0)
1+
− sin(θ/2)Ψ(0)1− ,
Ψ1− = sin(θ/2)Ψ
(0)
1+
+ cos(θ/2)Ψ
(0)
1−
, (14)
yields the eigenspectrum
ǫ1± = β0 ±
√
β2 + σ2u2 = β0 ± |β|/ sin θ, (15)
with sin θ = 1/
√
1 + σ2u2/β2 and cot θ = −σu/β; note
that β ≈ −11.4meV < 0 and β0 ≈ 18.6meV > 0 for the
set (2) of parameters and at B =20 T. In particular, for
u→ +0 (θ → π/2) the spectrum reads
ǫ1+
u→0
= β0 + |β| = ∆′ − 12γ5 (∼ 30meV),
ǫ1−
u→0
= (1− 2c21) (12γ5+∆′) + 4σc1λωc, (16)
which, for γˆ →∞, recovers an earlier result,36 with c21 →
1/2, σ → 0 and ǫ1− → 0.
Here we wish to discuss possible effects of the interlayer
coupling γ3 ≡ γA1B2 ∝ v3. It induces transitions that
go outside the PZM sector, as one can verify using the
solutions (Ψ0,Ψ1±). Accordingly, its contributions to the
spectra (ǫ0, ǫ1±) are only of second order in v3/v and are
negligible in high magnetic fields.
The HamiltonianHK′ at another valley is given byHK
with replacement Π ↔ −Π†. As for its spectrum one
readily finds the following: The associated eigenmodes
ΨK
′
n take the form of Ψn in Eq. (3), with replacement
|n〉 → |n − 2〉 for d(2)n and |n − 2〉 → |n〉 for (b(1)n , b(3)n ).
The reduced Hamiltonian Hn|K′ is obtained from Hn in
Eq. (4) by replacing each rn−1 by −rn and each rn by
−rn−1. One, of course, has to calculate the eigenvectors
vn|K′ = (b(1)n , d(1)n , ...)t|K′ anew.
Unlike Hn, HK′n has rank 2 for n = 0 and rank 5
for n = 1. This already signals that the PZM spectra
significantly differ between the two valleys. For n = 0
one considers the 2 × 2 matrix Hamiltonian Hˆred|K′ ∼
−u σ3 + 12γ2σ1, with eigenmodes (denoted as n = 0±),
Ψ0+ =
(− sin(φ/2) |0〉, 0, 0, 0, cos(φ/2) |0〉, 0)t,
Ψ0− =
(
cos(φ/2) |0〉, 0, 0, 0, sin(φ/2) |0〉, 0)t, (17)
and the associated spectra
ǫ0± = ±
√
(γ2/2)2 + u2 = ± 12 |γ2|/ sinφ, (18)
where sinφ = 1/
√
1 + (2u/γ2)2 and tanφ = − 12γ2/u.
For n = 1, HK′n has rank 5. Of its five eigenvalues, one
belongs to the PZM sector, two are monolayer-like with
ǫ±1′ ∼ ±ωc and two are bilayer-like with ǫ±1′′ ∼ ±
√
2γ1.
In the u→ 0 basis, the zero-energy mode is given by
Ψn=1
u→0
= c1 (|1〉, 0, κ |0〉, 0, |1〉, 0)t, (19)
where κ ≡ 1/γˆ and c1≡ γˆ/
√
2γˆ2+ 1 = 1/
√
2 + κ2. Eval-
uating the expectation value ǫ1 = Ψ
†
1(ωcHn=1|K
′
)Ψ1
yields the spectrum of the n = 1 mode,
ǫ1 = c
2
1 (γ2 + 4κλωc + κ
2∆′), (20)
correct to order linear in (u, γ2, γ5, v4,∆
′) as well.
The LLL, i.e, the PZM sector, consists of n ∈ (0, 1±)
at valley K and of n ∈ (0±, 1) at valleyK ′; there are thus
twelve PZM levels differing in spin, valley and orbital. It
is interesting to look into their structure. For zero bias
4u → +0 (i.e., θ = φ → π/2), Ψ0 and Ψ1− at valley K
are predominantly composed of the orbital mode |0〉 and
|1〉, respectively, residing on the B sites of the middle
layer; let us denote this feature as Ψ0|K ∼ |0〉 on B2 and
Ψ1− |K ∼ |1〉 on B2. One can further write Ψ1+ |K ∼ |0〉
on B1,3, Ψ1|K′ ∼ |1〉 on A1,3, Ψ0− |K
′ ∼ |0〉 on A1, and
Ψ0+ |K
′ ∼ |0〉 on A3. This naturally explains why ǫ0 and
ǫ1− are insensitive to the outer-layer coupling (γ2, γ5) and
are less sizable. In this way, in ABA trilayers the PZM
levels show valley asymmetry in composition.
-
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FIG. 1: (Color online) One-body level spectra ǫhn as a func-
tion of B for (a) u = 0 and (b) u = 20 meV. Real curves refer
to valley K and dashed ones to valley K′.
The valley asymmetry is manifest in the one-body
spectra {ǫn}, which, from now on, are denoted as {ǫhn}
to indicate that they come from Htri. Numerically, for
B = 20T and with the set of parameters in Eq. (2) taken,
(ǫh1+ , ǫ
h
1− , ǫ
h
0)
u→0≈ (30, 7.15, 0)meV,
(ǫh0+ , ǫ
h
1 , ǫ
h
0−)
u→0≈ (10,−3.64,−10)meV. (21)
Figure 1 shows the spectra {ǫhn} for u = (0, 20) meV as a
function of magnetic field B, along with the n = ±2,±3
bilayer-like spectra. The PZM sector is considerably
spread in energy ∼ ∆′ − 12 (γ5 + γ2) ∼ 40meV, but, for
large B > 15T, it is practically isolated from other lev-
els. The PZM spectra prominently differ between the two
valleys (real curves vs dashed ones). In addition, they are
highly electron-hole (eh) asymmetric (i.e., not symmetric
about zero energy) and this eh asymmetry comes from
β0 6= 0 and ǫ1 6= 0, i.e., primarily from (γ5,∆′) at valley
K and γ2 at valley K
′. Note that ǫh1± and ǫ
h
0± vary with
interlayer bias u. Practically only ǫh0± vary sensitively
with u while other levels are barely affected.
Let us now make the Landau-level structure explicit by
passing to the |n, y0〉 basis ∋ {Ψn} with y0 ≡ ℓ2px via the
expansion (ΨK(x),ΨK
′
(x)) =
∑
n,y0
〈x|n, y0〉 {ψn;aα (y0)},
where n refers to the level index, α ∈ (↑, ↓) to the spin,
and a ∈ (K,K ′) to the valley. The charge density ρ−p =∫
d2x eip·x ρ with ρ = (ΨK)†ΨK + (ΨK
′
)†ΨK
′
is thereby
written as20
ρ−p = γp
∞∑
k,n=−∞
∑
a,α
gkn;ap R
kn;aa
αα;p ,
Rkn;abαβ;p ≡
∫
dy0 ψ
k,a
α
†
(y0) e
ip·r ψn,bβ (y0), (22)
where γp ≡ e−ℓ2p2/4; r = (iℓ2∂/∂y0, y0) denotes the cen-
ter coordinate with [rx, ry] = iℓ
2.
The coefficient matrix gkn;ap ≡ gknp |a at valley a ∈
(K,K ′) is constructed from the eigenvectors vn|a,
gknp |K = {b(1)k b(1)n + b(3)k b(3)n } f |k|−2,|n|−2p
+{d(1)k d(1)n + b(2)k b(2)n + d(3)k d(3)n } f |k|−1,|n|−1p
+d
(2)
k d
(2)
n f
|k|,|n|
p , etc., (23)
and has the property (gmn;ap )
† = gn,m;a−p . Here
fknp =
√
n!/k! (−q¯/
√
2)k−n L(k−n)n (|q¯|2/2) (24)
for k ≥ n ≥ 0, and fnkp = (fkn−p)†; q¯ = ℓ(px− i py); it is
understood that fknp = 0 for k < 0 or n < 0.
Within the PZM sector,
g00p = 1, g
01±
p = (cos
θ
2 ∓ sin θ2 ) c1ℓ p/
√
2,
g1±1±p = 1− (1 ∓ sin θ)12 (c1)2 ℓ2p2,
g1+1−p = g
1−1+
p = −(cos θ) 12 (c1)2 ℓ2p2, (25)
at valley K, and
g0+0+p = g
0−0−
p = 1, g
0+0−
p = 0,
g0±1p = (cos
φ
2 ∓ sin φ2 ) c1ℓ p/
√
2,
g11p = 1− (c1)2 ℓ2p2, (26)
at valley K ′, with c1 = 1/
√
2 + κ2 and κ ≡ 1/γˆ. One can
further show that, with only (v, γ1, u) kept, these g
kn
p are
only corrected to O(uˆ2κ2) or smaller.
In view of Eqs. (6) and (7), the form factors gmn;ap
enjoy the property
gmn;ap = g
−m,−n;a
p |−Ui,−v4,−γ2,−γ5,−∆′ (27)
for general (m,n), where it is understood that one sets
±m → j for the PZM level j. This property plays a
key role in our analysis later. Equations (25) and (26)
are expressions valid to zeroth order in perturbations
(u, γ2, γ5, · · ·), but they actually know the nature of per-
turbations through the mixing angles (θ, φ) that depend
on the relative strengths (u/β, u/γ2). They indeed satisfy
Eq. (27).
The form factors gknp generally differ between the two
valleys. Interestingly, they happen to coincide for u→ 0:
Indeed, for u→ 0, one finds
g1+1+p = g
00
p = 1, g
1−1−
p = 1− c21ℓ2p2,
g01+p = g
1−1+
p = 0, g
01−
p = c1 ℓ p, (28)
5at valley K, and analogous K ′-valley expressions with
(1+, 1−, 0) replaced by (0+, 1, 0−) in the above. This
fact tells us that the charge ρp takes a manifestly valley-
symmetric form for zero bias u = 0 while the one-body
spectra {ǫhn} inevitably break valley symmetry. In addi-
tion, Eq. (28) implies that, for u → 0, 1+|K is isolated
from (0, 1−)|K , and similarly, 0+|K′ from (1, 0−)|K′ .
From now on we frequently suppress summations over
levels n, spins α and valleys a, with the convention that
the sum is taken over repeated indices. The Hamiltonian
Htri projected to the PZM sector is thereby written as
Hh = ǫhnR
nn
αα;p=0 − µZ (T3)βαRnnαβ;p=0 (29)
with n ∈ (0, 1±, 0±, 1). Here the Zeeman term µZ ≡
g∗µBB ≈ 0.12B[T] meV is introduced via the spin ma-
trix T3 = σ3/2. Actually, the Zeeman energy µZ is only
about 3meV even at B = 30T and is generally smaller
than energy splitting due to valley breaking. Accord-
ingly, in what follows, we mostly suppose that the spin
is practically unresolved and focus on energy gaps due to
valley and orbital breaking.
III. VACUUM FLUCTUATIONS
In this section we examine the effect of Coulom-
bic quantum fluctuations on the PZM multiplet. The
Coulomb interaction is written as
V = 12
∑
p vp : ρ−p ρp :, (30)
where vp = 2πα/(ǫb|p|) with α = e2/(4πǫ0) ≈ 1/137 and
the substrate dielectric constant ǫb. For simplicity we
ignore the difference between the intralayer and interlayer
Coulomb potentials.
In this paper we generally study many-body ground
states |G〉 with a homogeneous density, realized at integer
filling factor ν ∈ [−6, 6]. We set the expectation values
〈G|Rmn;abαβ;k |G〉 = δk,0 ρ0 νmn;abαβ with ρ0 = 1/(2πℓ2), so
that the filling factor νnn;aaαα = 1 for a filled (n, a, α) level.
Let us define the Dirac sea |DS〉 as the valence band
with levels below the PZM sector (i.e., levels with n ≤
−2, n′ ≤ −1′, ...) all filled. We construct the Hartree-
Fock Hamiltonian V HF = VD + VX out of V as the effec-
tive Hamiltonian that governs the electron states over
|DS〉. As usual, the direct interaction VD is removed
if one takes into account the neutralizing positive back-
ground. We thus focus on the exchange interaction
VX = −
∑
p
vpγ
2
p g
mn′;b
−p g
m′n;a
p ν
mn;ba
βα R
m′n′;ab
αβ;0 , (31)
where we sum over filled levels (m,n) and retain the PZM
sector m′, n′ ∈ (0, 1±, 0±, 1).
Let us first extract the contribution from the Dirac sea,
V DSX = −
∑
p
vpγ
2
p
∑
n∈DS
|gm′n;ap |2 Rm
′m′;aa
αα;0 , (32)
where the sum is understood over spin α and over m′ ∈
(0, 1±) for a = K and m
′ ∈ (0±, 1) for a = K ′. Actually,
the sum over infinitely many filled levels with n ∈ DS
gives rise to an ultraviolet divergence.
Fortunately this infinite sum is evaluated exactly to
zeroth order in perturbations (u, γ2, γ5, · · ·), as done ear-
lier,20,21 if one notes Eq. (27) and the completeness rela-
tion20
∞∑
n=−∞
|gmn;ap |2 = eℓ
2p2/2 for each a ∈ (K,K ′). (33)
The result is
∑
n∈DS
|gjn;Kp |2 =
1
2
(eℓ
2p2/2 − |gj0p |2 − |gj1+p |2 − |gj1−p |2),
(34)
for j ∈ (0, 1±); analogously for valley K ′. The eℓ2p2/2
term leads to a divergence upon integration over p; it,
however, shifts all levels j uniformly and is safely omit-
ted. The regularized Dirac-sea contribution then reads
V DSX
0th
= ǫv0 R
00
αα;0 + ǫ
v
1+ R
1+1+
αα;0 + ǫ
v
1− R
1−1−
αα;0
+ǫv0+ R
0+0+
αα;0 + ǫ
v
0− R
0−0−
αα;0 + ǫ
v
1 R
11
αα;0,
ǫvj =
1
2
∑
p
vpγ
2
p
∑
n∈(0,1±)
|gjnp |2 for j ∈ (0, 1±); (35)
analogously for j ∈ (0±, 1). Integration over p, with the
formula
∑
p vpγ
2
p [1, (ℓ|p|)2, (ℓ|p|)4] = [1, 1, 3] V˜c, yields
ǫv0 =
1
2 (1 + c
2
1) V˜c,
ǫv1±=
1
2
[
1− (1∓ sin θ) 12 (c21 − 3c41)
]
V˜c,
ǫv0±=
1
2
[
1 + 12c
2
1(1∓ sinφ)
]
V˜c,
ǫv1 =
1
2 (1 − c21 + 3 c41) V˜c, (36)
where c21 ≡ (c1)2, etc., V˜c ≡
√
π/2Vc and
Vc ≡ α/(ǫbℓ) ≈ (56.1/ǫb)
√
B[T]meV. (37)
Note that Eqs. (34) ∼ (36) are the zeroth-order ex-
pressions, which depend on bias u through the zeroth-
order ratios sinφ and sin θ. Numerically, for u = 0 and
B = 20T, and with ǫb = 5 taken as a typical value,
ǫv0 = ǫ
v
0− =
1
2 (1 + c
2
1) V˜c ≈ 0.73 V˜c,
ǫv1−= ǫ
v
1 =
1
2 (1− c21 + 3 c41) V˜c ≈ 0.59 V˜c,
ǫv1+= ǫ
v
0+ =
1
2 V˜c = 0.5 V˜c. (38)
In this way, the PZM levels are “Lamb-shifted” due to
vacuum fluctuations and the splitting among {ǫvj} reflects
the difference in their spatial (or p) distributions.
In Fig. 2 the Lamb shifts {ǫvj} are plotted, in units of
V˜c, as a function of bias u. They are ordered, e.g., as
ǫv0 > ǫ
v
1− > ǫ
v
1+ at one valley, and are valley-symmetric
60
u [meV]
1+
0+1−
v
n
[V˜c]
1
0
(a)
5 10 15 20 25 30
0.4
0.5
0.6
0.7
0.8 (b)
u
sinφ
sin θ
0 10 20 30
0.2
0.4
0.6
0.8
1.0
∼
0
0
−
FIG. 2: (Color online) (a) Orbital Lamb-shift corrections
{ǫvj } plotted in units of V˜c as a function of bias u at B = 20T.
(b) sin θ and sinφ as a function of u for B = 20T.
n
= 20meVu
= 20meVu
0+
0+
0
−
1
1
BB [T]
0
1
−
1
−
(empty)
(filled)
0+
0+
0
−
0
−
1+
1+
1+
1+
0
−
[meV] =0ub = 5(a)
[meV] =0u(b) b =10
- -
-
-
-
-
5 10 15 20 25
60
40
20
0
20
40
60
5 10 15 20 25
60
40
20
0
20
40
60
0
0 0
0
5 10 15 20 25
40
20
0
20
40
5 10 15 20 25
40
20
0
20
40
B [T] B
-
- -
-
1
1
0
−
0
−
0+
0+
0
0
1
−
1
−
0
FIG. 3: (Color online) Level spectra of the empty and filled
PZM sector. (a) ǫb = 5 and u = (0, 20) meV. The upper and
lower halves of each parabolic spectrum refer to the empty
(ν = −6) and filled (ν = 6) case, respectively. (b) ǫb = 10
and u = (0, 20) meV, with a weaker Coulomb potential.
for u = 0 (this reflects the manifest valley symmetry of
the charge ρp noted in Sec. II), with valley asymmetry
developing gradually with increasing bias u.
The spectra (36) or (38) refer to those of empty levels.
Actually the spectra vary (i.e., generally go down due to
the exchange interaction) with filling of the PZM levels.
In particular, Eq. (32) tells us that, when the PZM sector
is filled up, {ǫvj} change sign ǫvj → −|ǫvj |. In this sense,
the Lamb-shift corrections {ǫvj} preserve eh symmetry.
Thus, as the PZM sector is filled from ν = −6 (empty)
to ν = 6 (full), the spectrum of the j-th level varies
from ǫhj + ǫ
v
j to ǫ
h
j − ǫvj . See Fig. 3(a), which depicts
the (empty/filled) spectra ǫhj ± ǫvj as a function of B, for
u = 0 and ǫb = 5; the upper and lower halves of each
spectrum refer to empty and filled levels, respectively.
Note that bias u works to enhance the splitting of the 0±
spectra. For reference, Fig. 3(b) shows the level spectra
for a weaker potential with ǫb = 10.
At valley K, the one-body spectra {ǫhn} are ordered
so that ǫh1+ > ǫ
h
1− > ǫ
h
0 while {ǫvn} are ordered so that
ǫv0 > ǫ
v
1− > ǫ
v
1+ . The Lamb-shift contributions {ǫvn}
therefore enhance splitting among filled levels (1+, 1−, 0)
with spectra ǫhn − ǫvn. For empty levels (with ǫhn + ǫvn)
they work oppositely and even reverse the ordering of
the 1− and 0 spectra when the Coulomb interaction V˜c is
strong enough (i.e., for smaller ǫb and higher B); compare
Figs. 3(a) and 3(b). Replacing (1+, 1−, 0) → (0+, 1, 0−)
also allows one to find essentially the same features for
valley K ′. In this way the Lamb-shift contributions,
though eh symmetric by themselves, work to enhance
eh asymmetry in the full PZM spectra ǫhj ± ǫvj .
To see how each level evolves with filling, one has to
examine the Coulomb interaction acting within the LLL;
we study this in the next section.
IV. COULOMB INTERACTIONS
The Coulomb exchange interaction acting within the
PZM sector is written as
V pzX = −V˜c Γn
′m′
βα R
m′n′
αβ;0 , (39)
with Γn
′m′
βα ≡
∑
p vpγ
2
p (g
n′m
p )
∗ gm
′n
p ν
mn
βα /V˜c = Γ
m′n′
αβ ,
where (m′, n′) and (m,n) are summed over (0, 1±, 0±, 1).
For definiteness we focus on the u → 0 case, where
gmnp and Γ
n′m′
βα considerably simplify. Indeed, as noted
in Eq. (28), for u = 0, the charge ρp takes a valley-
symmetric form and, in addition, one has g
01+
p = g
1−1+
p =
0 and g
0+0−
p = g
0+1
p = 0. This structure suggests that, at
valley K, 1+ tends to be isolated from (0, 1−) which may
potentially get mixed; similarly, 0+ tends to be isolated
from (0−, 1) at valley K
′. Actually, for u = 0 one finds
that
Γ00 = ν00 + ν1−1− c21,
Γ1−1− = ν00 c21 + ν
1−1− (1− 2c21 + 3c41),
Γ01− = ν01− (1 − c21), Γ1+1− = ν1+1− (1− c21),
Γ1+1+ = ν1+1+ , Γ01+ = ν01+ , (40)
at valley K, with obvious spin indices (α, β) suppressed.
Replacing (0, 1−, 1+) → (0−, 1, 0+) in the above yields
expressions ΓK
′K′ for valleyK ′ and, in an analogous way,
mixed-valley components ΓKK
′
as well. One can further
7use new orbital labels nˆ and rename (0, 1−, 1+) as (1ˆ, 2ˆ, 3ˆ)
with valley a = K, and (0−, 1, 0+) as (1ˆ, 2ˆ, 3ˆ) with valley
a = K ′, so that, e.g., ν00 = ν 1ˆ1ˆ;KK , ν00− = ν 1ˆ1ˆ;KK
′
,
etc. Then the exchange interaction V pzX itself is cast into
a valley- (and spin-)symmetric form composed of terms
like νnˆmˆ;baβα R
mˆ′nˆ′;ab
αβ;0 .
The PZM levels are now governed by the effective
Hamiltonian V ≡ Hh + V DSX + V pzX . Note first that the
interaction V DSX + V
pz
X is symmetric in spin and valley
(for u = 0). Thus V is made diagonal in valley and spin
if one takes the valley basis (K,K ′) and the spin basis
(↑, ↓) of the one-body part Hh ∼ {ǫhn}. Accordingly, one
can treat each valley and spin separately, and diagonal-
ize V with respect to the orbital modes (0, 1−, 1+)|K and
(0−, 1, 0+)|K′ for each spin.
Let us now discuss how the PZM levels evolve with fill-
ing. For definiteness, we first suppose filling the empty
PZM sector with electrons gradually under a fixed mag-
netic field B = 20T and u = 0. We consider 6 levels,
(0, 1±, 0±, 1) per spin, and use 0 ≤ nf ≤ 6 to denote
the filling factor for this subsector; with electron spins
supposed to be unresolved, the PZM sector thereby has
the filling factor ν = 2(nf − 3). (We refer to the case
of resolved spins later.) Our focus is on uniform ground
states at integer filling. To follow their evolution, we
choose to diagonalize the Hamiltonian V with uniform
states at intermediate filling factors; this serves to visu-
alize how level mixing and crossing take place, as we shall
see.
One can read from Fig. 3(a) the level spectra of the
empty/filled PZM sector,
( ǫ1, ǫ0− , ǫ0+ , ǫ1− , ǫ0, ǫ1+)
empty≈ (33.3, 35.9, 41.4, 44.1, 45.9, 61.4) meV,
filled→ −(40.6, 55.9, 21.4, 29.8, 45.9, 1.44) meV, (41)
where ǫn|empty/filled = ǫhn± ǫvn and ǫb = 5. It is seen from
these spectra that the 1|K′ and 0−|K′ levels potentially
have crossing, so do 0|K and 1−|K . This signals level
mixing within each pair.
It is the lowest-lying 1|K′ level that starts to be filled
first. As it is filled, it cooperates with the 0−|K′ level,
paired via the exchange interaction. To clarify how they
evolve, one can now try to diagonalize V = Hh + V DSX +
V pzX for the three lowlying levels (1, 0−, 0+)|K
′
, and sub-
sequently for those at valley K. See the appendix for an
analysis.
Figure 4(a) summarizes the resulting evolution of level
spectra. For 0 ≤ nf ≤ ncr with ncr ≈ 0.145 only the
1|K′ level is filled and gets lower in energy along with the
(paired) empty 0−|K′ level. Beyond ncr, 1|K′ is mixed
with 0−|K′ and turns into 0−|K′ at nf ≈ 1.145; at the
same time, 0−|K′ turns into 1|K′ . Both 0−|K′ and 1|K′
levels are eventually filled up at nf = 2. At integer filling
nf = 1, the (1, 0−)-mixed levels consist of a filled level of
energy ≈ −27.0 meV and an empty level of energy ≈ 7.0
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FIG. 4: (Color online) (a) Evolution of level spectra at
B = 20T and ǫb = 5 as the PZM sector is filled from nf = 0
(empty) to nf = 6 (full); the filling factor ν = 2(nf − 3) ∈
[−6, 6], with the electron spin supposed to be unresolved. Or-
bital mixing takes place over the interval nf ∈ (0.145, 1.145)
and nf ∈ (3.101, 4.101), indicated by colored stars. Thin dot-
ted curves represent evolution of level spectra when no orbital
rotation were allowed. (a’) Evolution of level spectra when
the PZM sector is emptied from nf = 6 to nf = 0. (b) and
(c) Level spectra for B = 6T and ǫb = 5. (d) Level mixing is
absent for a weaker Coulomb potential with ǫb = 10 and at
B = 15T.
meV. A close look into Fig. 4(a) reveals that an “orbital”
rotation takes place so as to avoid level crossing. The
remaining 0+|K′ level evolves individually, and is filled
over the interval nf ∈ [2, 3].
For nf > 3 an analogous process is repeated for
(1−, 0, 1+)|K levels at another valley. There mixing of
81−|K and 0|K takes place over the interval nf ∈ (n′cr, 1+
n′cr) with n
′
cr ≈ 3.101, and avoids level crossing.
From Fig. 4(a) one can read off the spectra of the PZM
sector at each integer filling factor ν ∈ [−6, 6]. The spec-
tra are eh- and valley-asymmetric. Let us now note that,
due to this eh asymmetry, the level spectra may evolve
in a different pattern when one empties the PZM sector
rather than filling it. Indeed, such a difference is clearly
seen from Fig. 4(a’), which shows the evolution of level
spectra when the filled PZM sector is gradually emptied
(i.e., ν = 6 → −6) under the same B = 20T. Actually,
Fig. 4(a’) is a result of direct calculation, but it will be
clear how to draw it by a glance at Fig. 4(a).
For comparison, see also Figs. 4(b) and 4(c), which
show the evolution of level spectra under B = 6T. There
the pattern of evolution is uniquely fixed, independent
of whether one fills or empties the PZM sector. Lastly,
Fig. 4(d) illustrates the case of a weaker Coulomb poten-
tial with ǫb = 10 and at B = 15T, corresponding to the
level spectra in Fig. 3(b). Here again the pattern of level
spectra is uniquely fixed, but, unlike in the above cases,
there is no level mixing.
In general, the level spectra ǫhj ± ǫvj of the empty/filled
PZM sector (in Fig. 3) are fixed in advance by specifying
the value of magnetic field B at ν = −6 and ν = 6, re-
spectively. How the spectra evolve at intermediate filling
factors, as we have seen, depends on whether one fills or
empties the PZM sector and how one does it, e.g., under
fixed B or fixed density ρ ∝ νB.
It will be clear from the model calculations above that
the 1+|K and 0+|K′ levels evolve individually without
mixing with others while 1−|K and 0|K move in pairs,
so do (1, 0−)|K′ . Actually, with this experience, a close
look into the empty/filled spectra in Fig. 3 allows one to
draw a general idea about how the level spectra evolve
under fixed B and u = 0 (or even for small u as well).
For example, the presence or absence of level mixing
is inferred from Fig. 3. Level mixing takes place so as
to avoid crossing of paired levels (1−, 0)|K or (1, 0−)|K′ .
As noted in Sec. II, the ordering of these paired levels,
i.e., ǫh1− > ǫ
h
0 and ǫ
h
1 > ǫ
h
0− for ǫ
h
n, is reversed for the full
spectra ǫhn+ǫ
v
n when the Coulomb potential V˜c ∼ α/(ǫbℓ)
is strong enough. It is thus this inversion of (empty)
paired levels that drives level mixing. Accordingly, with
ǫb = 5, mixing of paired levels is necessarily present for
almost all values of B in Fig. 3(a), as indeed seen from
Figs. 4(a) and 4(b). For Fig. 3(b), i.e., for a weaker
potential with ǫb = 10, mixing is present only at low B <∼
7T and is absent at higherB, as is the case with Fig. 4(d).
When bias u is turned on, mixing of (1, 0−)|K′ disappears
rapidly with increasing u, but mixing of (1−, 0)|K tends
to persist at low B, as verified easily.
In the level spectra of Fig. 3, the 0+|K′ level is rela-
tively isolated upward from the paired levels (1, 0−)|K′ ,
so is 1+|K from (1−, 0)|K . It is therefore the lowest-lying
(1, 0−)|K′ pair that is filled first as nf = 0→ 2 (or emp-
tied last as nf = 2→ 0). This leads to a unique ν = −2
ground state [consisting of filled (1, 0−)|K′ levels] with
a relatively large ν = −2 level gap, as is evident from
Fig. 4. Likewise, an isolated 1+|K level leads to a unique
ν = 4 state with a relatively large gap. The ground states
at other filling factors, in contrast, vary in composition
case by case. In particular, one notices an equally large
ν = 2 gap and a relatively small ν = 0 gap in the spectra
of Figs. 4(b) and 4(d), which show essentially the same
low-B characteristics of the PZM sector [at B <∼ 10T in
Fig. 3(a) or <∼ 20T in Fig. 3(b)]. Interestingly, in those
low-B cases, the ν = 0 state (essentially) consists of filled
(0, 1, 0−) levels, which is the same in composition as the
ν = 0 state one naively expects from the one-body spec-
tra {ǫhn} in Fig. 1 alone.
We have so far supposed unresolved electron spins.
Note that the exchange interaction acts on pairs of the
same spin and valley. Accordingly, if, e.g., in Fig. 4(b),
there were two (1, 0−)|K′ pairs of spin up and down re-
solved against possible disorder, each pair would repeat
the nf = 0 → 2 evolution in the figure over the interval
ν = −6→ −4→ −2, yielding a ν = −4 gap comparable
to the ν = −2 gap. In this way, small spin gaps, if re-
solved, are equally well enhanced by the interaction, and
will modify the evolution patterns in Fig. 4 accordingly.
The transport properties of graphene trilayers have
been studied in a number of experiments,26–34 and some
nontrivial features of the LLL of ABA-stacked trilayers
have been observed. Evidence for the opening of the
ν = 0 gap comes from early observations26,30 of an insu-
lating ν = 0 state in both ABA and ABC trilayers.
Recent experiments on substrate-supported ABA tri-
layer graphene by Henriksen et al.33 observed a robust
ν = −2 Hall plateau and a possible incipient ν = 2 or
ν = 4 plateau under zero bias (u ∼ 0), and ν = ±2,±4
plateaus in biased samples. Subsequent measurements
on dual-gated suspended devices by Lee et al.34 observed
ν = ±2 plateaus at low magnetic field B < 4T and also
resolved, in high magnetic fields, additional plateaus at
ν = ±1,±3,−4, and −5, indicating almost complete lift-
ing of the 12-fold degeneracy of the LLL. Common to
these observations, in particular, is eh asymmetry in the
sequence of plateaus, with a prominent ν = −2 plateau.
The B = 6T and ǫb = 5 case of Fig. 4(b) ap-
pears to capture these features seen in experiment at
low B. For resolved spins, this case will lead to large
gaps at ν = ±2,±4, 0, 3 and 5, and relatively small
gaps at ν = ±1, -3 and -5. In our picture, apprecia-
ble eh asymmetry is a result of Coulombic enhancement
of the eh asymmetry in Hh and a large ν = −2 gap
is triggered by the valley asymmetry of Hh such that
min[ǫh0− , ǫ
h
1 ]
K′ < min[ǫh0 , ǫ
h
1− ]
K , i.e., the K ′ valley is rela-
tively lower in spectrum. In general, large level gaps are
associated with evolution of orbital modes (1−, 0)|K and
(1, 0−)|K′ of basic filling step ∆nf = 2 per spin and evolu-
tion of rather independent modes 1+|K and 0+|K′ of step
∆nf = 1. This is in sharp contrast to the case of ABC
trilayers, where large gaps within the LLL are associated
with evolution (actually, mixing) of orbital modes of ba-
9sic step21 ∆nf = 3 per spin, leading to visible ν = 0,±3
plateaus.
V. SUMMARY AND DISCUSSION
In a magnetic field graphene trilayers develop, as the
LLL, a multiplet of twelve nearly-zero-energy levels with
a three-fold orbital degeneracy. In this paper we have ex-
amined the quantum characteristics of this PZM multi-
plet in ABA trilayers, with the Coulomb interaction and
the orbital Lamb shift taken into account. It turned out
that ABA trilayers are distinct in zero-mode character-
istics from ABC trilayers examined earlier.21 We have,
in particular, seen that both valley and eh symmetries
are markedly broken in the LLL of ABA trilayers. These
asymmetries appear in the one-body spectra {ǫhn} already
to first order in nonleading hopping parameters (such as
γ2, γ5 and ∆
′), and are enhanced via the Lamb-shift
contributions {ǫvn} and the Coulomb interaction acting
within the LLL.
In contrast, for ABC trilayers the one-body PZM spec-
tra {ǫhn} involve, for zero bias u = 0, only a tiny eh asym-
metry of O(v4) ∼ O(v4ωc/vγ˜) and no valley breaking41
linear in nonleading parameters (γ2, γ3, v4). The Lamb-
shift corrections {ǫvn} add no further breaking (to the
leading order). Accordingly, in ABC trilayers the LLL is
far less afflicted by eh and valley asymmetries.
The PZM levels differ in structure between the two
types of trilayers. In ABA trilayers they are composed
of the |0〉 and |1〉 orbital modes distributed in a distinct
way at each valley, as noted in Sec. II, and in this sense
the associated valley asymmetry is intrinsic. In contrast,
in ABC trilayers these levels are characterized by the
|0〉, |1〉 and |2〉 orbital modes residing predominantly on
one of the outer layers,21 with the two valleys related
symmetrically [by layer and site interchange (A1, B1)↔
(B3, A3)].
The two types of trilayers substantially differ in the
way the Coulomb interaction acts within the LLL. They
thus differ in the way large level gaps or the associated
conductance plateaus appear within the LLL, with ABA
trilayers having basic filling steps of ∆nf = (2, 1) and
ABC trilayers having a step of ∆nf = 3.
Interlayer bias u also acts quite differently on the two
types of trilayers. For ABC trilayers, u acts oppositely
at the two valleys and enhances valley gaps. In contrast,
for ABA trilayers, it works to further split ǫ0± |K
′
(and
ǫ1± |K), i.e., enhance orbital breaking at each valley.
The orbital Lamb shift is a many-body vacuum effect
but is intimately correlated with the Coulomb interaction
acting within the multiplet. This is clear if one notes that
the filled PZM sector and the empty one, both subject
to quantum fluctuations of the filled valence band, differ
by the amount of this Coulomb interaction. It will be
clear now why this vacuum effect, though it could easily
be overlooked if one naively relies on the Coulomb in-
teraction projected to the LLL alone, has to be properly
taken into account in every attempt to explore the PZM
sector in graphene few-layers.42
The eh and valley asymmetries inherent to ABA tri-
layers substantially modify the electron and hole spec-
tra within the LLL. The sequence of broken-symmetry
states, observable via the quantum Hall effect, is thereby
both eh- and valley-asymmetric and can change in pat-
tern, depending on how one fills or empties the LLL.
We have presented some model calculations in Sec. IV,
assuming a typical set (2) of parameters and ǫb. They
are intended to illustrate what would generally happen
when the orbital Lamb shift and Coulomb interactions
are properly taken into account. They will also be a
good base point for a more elaborate analysis when more
data on graphene trilayers become available via future
experiments.
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Appendix A: Evolution of level spectra
In this appendix we diagonalize the effective hamilto-
nian V ≡ Hh + V DSX + V pzX for the three lowlying levels
(0+, 0−, 1)|K′ , with the electron spin kept frozen. Let us
write V = HmnRmnp=0 and Hmn ≡ (ǫhn+ǫvn) δmn− V˜c Γnm,
with m,n ∈ (1, 2, 3) for (0+, 0−, 1). Note that Γmn are
real for real filling factors νmn, which we take. It there-
fore suffices to use a real O(3) rotation to diagonalize the
3× 3 real symmetric matrix Hmn. We thus rotate ψm in
orbital (0+, 0−, 1) space, ψ
m = Umn φn, with three Euler
angles (θ3, θ2, θ1) parameterizing
U = e−iθ3 t3e−iθ2 t2e−iθ1 t1 , (A1)
where the spin-1 generators (ta)
bc ≡ iǫbac in terms of the
totally antisymmetric tensor ǫabc with ǫ123 = 1. Note
that θ1 mixes n = (2, 3), θ2 mixes (1, 3), etc. We make
H = U†H U diagonal, using the filling factors νmn =
(Umn′)∗Nn′Unn′ expressed in terms of the filling fraction
Nn = (N1, N2, N3) of the diagonalized levels φ
n.
Let us start filling the empty PZM sector at (relative)
filling factor nf = 0. Obviously, it is the lowest-lying 1|K′
level that starts to be filled. To follow how it evolves let
us suppose that it is filled with fraction nf ≤ 1 and set
(N1, N2, N3) = (0, 0, nf). Hmn is diagonalized if one can
adjust {θn} so that H12 = H13 = H23 = 0.
The onset of possible rotations is seen from the behav-
ior of these (H12,H13,H23) under small rotations. To
first order in {θn},
H12 ≈ −(5.526 + 28.95nf) θ3 + · · · ,
H13 ≈ (8.124 + 11.03nf) θ2 + · · · ,
H23 ≈ (−2.597 + 17.91nf) θ1 + · · · . (A2)
10
This structure reveals that {θn} = 0 for 0 ≤ nf < ncr
with ncr ≈ 2.597/17.91 ≈ 0.145 while θ1 6= 0 is possible
for nf > ncr. Solving for {θn} numerically shows that
the energy eigenvalue H33 is indeed lowered for nf > ncr
with θ1 6= 0 and θ2 = θ3 = 0. A further analysis reveals
that θ1 rises from 0 to π/2 for nc ≤ nf ≤ n+c ≈ 1.145
and then keeps π/2 up to nf = 2. (For 1 ≤ nf ≤ 2 we
set (N1, N2, N3) = (0, nf − 1, 1) and extend the solution
across nf = 1.) Thus, over the interval nf ∈ (ncr, n+cr) a
rotation takes place in orbital space, and thereby the 1|K′
and 0−|K′ levels are interchanged. Finally, the remaining
0+ level is filled individually for 2 < nf ≤ 3.
A similar analysis is also made for the (1+, 0, 1−)|K
levels at another valley. The resulting evolution of level
spectra is summarized in Fig. 4(a).
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